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Bethe lattice representation for sandpiles
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Avalanches in sandpiles are represented by a process of percolation in a Bethe lattice with a feedback
mechanism. The results indicate that the frequency spectrum and probability distribution of avalanches provide
a better resemblance to the experimental results than other models using cellular automata simulations. Ap-
parent discrepancies between experiments performed by different authors are reconciled. Critical behavior is
expressed here by the critical properties of percolation phenomena.@S1063-651X~99!08306-3#

PACS number~s!: 05.70.Jk, 64.60.Fr, 64.90.1b, 89.80.1h
-
ro
s
n
d

p
n

an

a

tu
b-
il
ea
ile
re

se

rk
y
O

n
-
er

th
et
ph
tu
uc
n

ia
n

ems

y in
e the
n-
tion
l
nt a

the

y a
e
into
-
m,

s
ts
iles.
this
the

hes
and
ns
ex-
ns.

in the
e,

lity
at

e

n-
s is
e

ot
he
I. INTRODUCTION

The idea of self-organized criticality~SOC! proposed by
Bak, Tang, and Wiesenfeld@1,2# has triggered a lot of ex
perimental as well as theoretical work on relaxation p
cesses in granular materials. Sandpiles seem to be the
plest systems to test self-organized behavior. The importa
of its study is due to the fact that SOC has been suggeste
a possible explanation for the power law behavior seen
many systems: earthquakes@3#, mass distribution in the Uni-
verse, star flickers, etc.@4#

Experiments on sandpiles have been designed and
formed by various authors@5,6#. Avalanche sizes have bee
recorded in rotating drum experiments@5# and it has been
found that avalanches occurred quite regularly in size
time, in an almost periodic pattern@7,8#, instead of being
distributed over all sizes obeying a power law distribution
was predicted in@1,2#.

Mass fluctuations in an evolving sandpile have been s
ied @6#, showing that for sufficiently small sandpiles, the o
served mass fluctuations are scale invariant and probab
distribution of avalanches shows finite size scaling wher
large sandpiles do not. In this experiment, small sandp
seemed to exhibit SOC. In addition, an apparent disag
ment has emerged between the results reported in@5# and@6#
but, as we will show in this paper, these results are es
tially the same and no contradiction exists.

Though many other theoretical and experimental wo
have been carried out@9–28#, some of the more recentl
proposed models have been devoted to the problem of S
in a more general fashion rather than the sole applicatio
sandpiles~e.g., @9,10,12,16#!. Other studies restrict their at
tention to models for which particular mechanisms of int
action seem to be relevant@13–15,18,21,28#.

In the present work we propose a representation of
avalanche process in sandpiles as a percolation in a B
lattice, capturing the essential features of the avalanche
nomenon and simultaneously taking into account the na
of the sandpile as a granular medium, in order to reprod
the experimental results. The reason for this representatio
mainly intuitive: The image of an avalanche as an init
object that consecutively drags another resembles a bra
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ing process for which the Bethe lattice representation se
to be natural.

This branching process has been proposed previousl
@22# and has proved to be an adequate method to describ
change of behavior of fragment size distribution in fragme
tation phenomena. Another branching process representa
has been proposed@12,26# in an attempt to obtain analytica
solutions for avalanche processes. Other authors prese
self-organizing branching process@23,24#. However, the
branching structure is not related to the physical nature of
system, although a feedback mechanism is introduced.

In our work, the process of dragging is characterized b
drag probability pfor each one of the particles forming th
nodes of the lattice. The nature of the system is taken
account through the relation ofp with the parameters char
acterizing the self-organizing characteristics of the syste
i.e., the slope angleu and the size~number of grains! of the
pile N. This viewpoint is similar to that of other author
@23,24#, but with a much closer relation with the experimen
and the physical nature of the studied systems, i.e., sandp
The main features obtained there can be reproduced with
representation, but we will focus in the present study on
polemics related with experimental data@7#.

In Sec. II we describe the representation of the avalanc
and expose the relation between the drag probability
sandpile characteristics. In Sec. III, the results of simulatio
with this representation are exposed and compared with
perimental results. Section IV is devoted to the conclusio

II. REPRESENTING THE SANDPILE
AND THE AVALANCHES

Let us represent the avalanche as a cascade process
Bethe lattice as follows. First, we start with a single nod
which could represent in this case a grain. With probabi
p, from this nodeF new nodes will emerge, representing th
the initial particle has generatedF21 new indistinguishable
particles, which, in principle, will continue the avalanch
together with the initial one. This operation~generation of
new identical particles with probabilityp) is applied to each
node of this new group. In this case some of them will co
tinue the generation, some will not, and so on. The proces
represented in Fig. 1 forF53. Empty nodes represent thos
in which the process of percolation in this lattice will n
progress, mimicking those particles that do not follow t
6956 ©1999 The American Physical Society
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PRE 59 6957BETHE LATTICE REPRESENTATION FOR SANDPILES
falling process in the cascade. This representation seem
be natural for the process and does not appeal to the natu
the forces between the grains in the sandpile, the natur
the grains, or even the nature of the avalanche.

Once the percolation process exceeds a given length~that
of the border of the sandpile!, those nodes beyond the lim
constitute the avalanche. Counting the number of grains
just surpass the length of the pile is equivalent to measu
the size of the avalanche. Knowing the number of grains
the pile, it is possible to register the mass variations in
pile with time M (t). The percolation process stops once t
limit is surpassed; the pilereorganizes itselfwith the new
number of grains~i.e., a new slope is calculated with th
remaining grains! and again commences to grow until a ne
avalanche develops. In this model this establishes a feed
mechanism that can be related to the experimental co
tions.

We now relate the percolation probability with the para
eters characterizing the pile, namely, its slope and size, u
the simplest representation. To do this let us represe
conic sandpile of heighth, radiusR, and base slopeu. A
small sphere of ‘‘effective radius’’r 0 can characterize the
size of the grain of sand. The ratio of the volume of the p
to that of the grain~including porosity effects in the value o
r 0) gives the number of grains in the pile

N5
1

4
x3 tanu,

wherex5R/r 0 is the ratio of the radius of the pile and th
effective radius of the grain.

The percolation probability is in this case translated to
drag probability p(u) of one grain to the nextF21 situated
down the slope. In this way, the interpretation of Fig. 1
straightforward.

The dependence ofp on u can be formulateda priori by
taking into account that the drag probability should be
increasing function of the slope. A good variable to descr
this slope seems to be tanu. On the other hand, the dra

FIG. 1. Bethe lattice representation of the sandpile behavi
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probability should be small for angles less than the criti
angle and once that angle is surpassed, the probability fo
avalanche to take place must increase sharply. Let us pro
the dependence

p~u,T!5

expS tanu2tanuc

T D
expS tanu2tanuc

T D11

, ~1!

whereuc is the critical angle, related to Coulomb’s lawm
5tanuc (m is the friction coefficient and here, for simplicity
will be taken as unity!, andT is a parameter through whic
we may control the sharpness of the variation just atu5uc
and can be used to include factors such as granularity
vibrations @27#. Using the relation between the slope ang
and the number of grains in the pile, in this case Eq.~1! can
be expressed as

p~y,T!5
1

11expS 12y

T D , ~2!

wherey5N/Nc . Nc is the number of grains correspondin
to uc . This is valid for smallT so that the variation of
p(y,T) is sharp neary51, i.e.,T!1/4.

Once the pile reaches a size of approximatelyNc the ava-
lanches will be noticeable and the slope will be readjus
after each avalanche. The process of adding grains will ag
vary the value ofp up to values nearpc , the value of the
probability corresponding touc , to produce another ava
lanche and so on. This constitutes a mechanism of feedb
since the flux of sand tends to remain constant because o
concurrence of sand supply and avalanches. This has
recognized as necessary@25# to deal with critical behavior.
Because of size effects, avalanches will be registered fop
slightly less thanpc .

If, for a given value ofp, an avalanche develops, it will b
counted if the number of steps in the Bethe lattice surpas
the length of the slope of the pile. The length of the slopeL
measured in units of the grain diameter isg5x/2A12p,
which is the threshold for an avalanche to be register
When the valueg is surpassed, those grains~nodes in the
Bethe lattice! belonging to that generation are counted as
size of the avalanche. This will permit the relation of th
results of the simulations with the measured magnitud
namely, the size of the avalanchesS(t) @5# or the mass of the
piles M (t) @6# as a function of time. In this last case, th
mass of the sandpile is represented as the number of g
N(t).

III. RESULTS OF THE SIMULATIONS

Simulations have been performed for a wide range of v
ues ofx, ranging from 10 to 500, using Eq.~2! for T50.1
and a Bethe lattice with two branches. For each value ox,
more than 2163100 realizations were performed. Collecte
data wereN(t) andS(t).

The temporal fluctuations of the massN(t), measured as
the number of grains in the pile, in units ofNc , are plotted in

.
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FIG. 2. Fluctuations of the mass of the san
pile N(t)/Nc for ~a! x550, ~b! x5100, and~c!
x5500 obtained from simulations in a Bethe la
tice as described in the text. Heret is a dimen-
sionless quantity as described in the text. The b
havior for other number of terminals in the lattic
or another plausible dependence ofp(u) is essen-
tially the same.
-
cu
o

t

Figs. 2~a!, 2~b!, and 2~c! for x550, 100, and 500, respec
tively. The unit of time used was that between two conse
tive events of adding grains. Avalanches are considered t
instantaneous. This behavior resembles that reported in@6#.
Note that different time scales were used in Figs. 2~a!–2~c!
for a better illustration of the time variation for differen
sizes.

Figure 3 shows the probability of avalanche sizesP(s)
-
be

scaled asx1.9, as in @6#, vs s normalized tox0.95 for x550
and 500, showing a good finite size scalingP(s)xb vs s/xn

as in @6#. The system shows finite size scaling

P~s!;x2b f ~s/xn!, ~3!

f (x) being a scaling function such thatf (x).const for x
!1 andf (x)→0 for x@1. The drop number̂s&51 implies
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that b52n @9# since the pile is in a steady state, i.e., o
average one grain must fall for each grain added.

The exponentn50.95 was chosen as the best fitting fo
all data withs/xn,2. This representation reproduces the

FIG. 3. Avalanche probability scaled asx1.9 vs avalanche sizes
normalized tox0.95 for x550 ~circles! and 500~squares!. The result
for this theoretical sandpile resemble those of@6# with exponential
falloff. Large piles show larger dispersion for large avalanches.
-

nite size scaling for all sizes of sandpiles. The exponen
falloff can be verified.

Larger piles show more dispersion for large avalanc
sizes. This can be explained noting that in the percolat
process, larger percolations correspond to probabilities n
the critical one, where critical behavior dominates and flu
tuations are stronger.

Figures 4~a! and 4~b! show the power spectrum ofN(t)
ands(t), respectively, forx550, 100, and 500 exhibiting in
Fig. 4~a! a clear 1/f 2 dependence, which also coincides wi
the results of@6#. The power spectrum in Fig. 4~a! reveals the
same characteristics for all sandpiles, i.e., the dependenc
1/f b on b.2, whereas in Fig. 4~b! the power spectrum is
clearly flat as in@5#.

Concerning the apparent disagreement between the
perimental results in@5# and @6#, it must be said that the
process of measurement in both experiments is essent
different since in@6# the mass of the pile is recorded as
function of time, whereas in@5# the experiments record th
variation of avalanche size as a function of time, i.e.,
magnitude that would correspond to the temporal variat
of the number of grains in the rotating cylinder, which mea
its time derivative. This leads to a different power spectru
so that if the power spectrum obtained in@6# is 1/f 2, in this
case its derivative should have a ‘‘flat’’ spectrum, in corr
-

ec-

in
for
FIG. 4. ~a! Power spectrum of mass fluctua
tions for different sizes of the sandpilesx550,
100, and 500 as indicated in the figure. The sp
trum is 1/f 2 in agreement with@6#. The corre-
sponding spectrum for the avalanches is flat as
@5#. ~b! Power spectrum of the avalanche sizes
the same set of values as in~a!.
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spondence with the results of@5#, and there is no disagree
ment.

In our case, the spectrum is flat for high frequencies
cause we are considering the avalanches as instantan
but this is not an essential point. The simulations could
improved introducing a finite time for avalanches. Thou
both teams have argued about the differences of their exp
mental setups, we think that our argument shows a very
portant difference. The sizes of the avalanchesS(t) represent
the value of the variation of the functionN(t) in each jump,
i.e., the derivative of that function, so that the spectra in@5#
and @6#, though they could be interpreted as expressions
different behavior, are really intimately related.

The particular dependence of the drag probability with
slope is not of great importance for the main results of t
work. Dependences on sinu, sin2u, and others can be used
the simulations without significant changes in the resu
concerning probability distribution of avalanches, pow
spectrum, etc. The main property required is the increas
the drag probability with the slope. Also, the number of t
minals in the Bethe lattice is not important for the ma
conclusions. This reveals the robustness of this phenome

IV. CONCLUSIONS

A Bethe lattice representation linked with characterist
of sandpiles, including a feedback mechanism, has been
sented in the same direction outlined in@23# with a different
viewpoint, closely related to the physical nature of the sa
pile, which leads us to a closer link with experimental r
sults. The reproducibility of the experimental results is ba
on the fact that the Bethe lattice representation unravels
essence of the avalanche process in sandpiles and is ab
be linked with the geometrical properties of the syste
Other types of representations, such as cellular autom
make the introduction of the physical characteristics of sa
piles more difficult.

This representation keeps the same nature for all a
lanches, irrespective of pile size. In the avalanche proc
there seems to exist some kind of transition, manifested
the change of behavior of the size distribution of avalanc
when the piles are large, reflected in the increase of fluc
.
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tions in the region of large avalanches. This is related to
process of percolation in the Bethe lattice near the criti
point. The nature of the phenomenon as a second-o
phase transition is present here as a percolation phenome

In this way, the description of avalanches has been tra
lated to the problem of percolation in a Bethe lattice and
this sense the phenomenon is critical. Thus SOC, exam
from this viewpoint, is present in the organization of av
lanches.

The proposed representation is intuitively very appeali
seems to reproduce the behavior of the sandpiles, is v
simple to implement even in a small computer, and reve
an essentially unique behavior in small and large sandp
In addition, it contains the main characteristics of sandp
in the sense of the increase of avalanche probability by a
ing sand grains and a readjustment of the slope after e
avalanche.

This representation works without the inclusion of a d
tailed interaction between the grains or a detailed descrip
of their geometry. It is a mean field viewpoint since th
interaction between branches is neglected.

Oscillations ofp andu near a critical value are propertie
of this model as they are also in the branching process m
proposed in@23,24#. Finite size scaling for different size
was obtained for the distribution of avalanches with go
reproduction of the experimental behavior. Another diffe
ence of our representation from cellular automata is tha
local toppling rule is not needed here and only a law
variation of the drag probability with the slope is needed
this model, this being a global property of the system, i.e
is related to the total numberN of grains in the pile.
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